Math Camp 2025 — Problem Set 8

Read the following problems carefully and justify all your work. Avoid using calculators or

computers.

Partial derivatives.

1. Standard regression models often look something like this:

2
y = a+ Bixy + Baxa + f3x;

(a) Find the partial derivatives of y with respect to x; and x5.
(b) Interpret both.

2. Find the first-order partial derivatives with respect to x, y, and z of f(x, y,z) = xy* + yz°.

3. Find both second-order partial derivatives of f(x,y) = x%y?.

4. Find the second-order partial derivative of f(x,y) = o ev.
y

5. Find the first- and second-order partial derivatives of f(x,y) = log(x + /).
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+
6. Find the first- and second-order partial derivatives of f(x,y) = L
x3 —dxy —y?

7. Find the second-order partial derivatives of f(x,y) = (2x + 3y)(e>* + e%).
8. Find the second-order partial derivatives of f(x,y,z) = x¥log(z) — y3x%z + 2yz —x + 1.

9. Find the gradient vector and Hessian matrix for the following functions:
(@) f(x,y) = xlog(y),
(b) f(x,y) =3x+4y°,
(©) f(x,y,2) =xy* +yz%,
3
d fx,y) = Exz —2xy — 5x + 2y% = 2y.

Answer.
1.y =a+Bixi + Boxy + Bax;

0 0
@ L =g, 2 =g +26m.
0x1 (9)62

(b) Interpretation:



9y
oxy

constant is 1.

= f1: the effect of increasing x; by one unit on y keeping everything else

o Iy
0xa

else constant is B> + 2833x,. Notice that it depends on x,.

= B> + 2B3x7: the effect of increasing x, by one unit on y keeping everything

2. f(x,y,2) = xy2 + yzz, SO
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— = —:2 —:2 .
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3. f(x,y) =x%y2%, s0
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4. f(x,y)=—+¢€",s0
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B_f_l of X

= e,
8xyy ay y

2 2 2
a_f: 2xy, 8_f:2_x+x26xy’ af
0%x 0ty 3 Ox0y

= -+ (Il+xye".

5. f(x,y) =log(x ++/y), so, assuming x + 4/y > 0 and y > O we have
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6. Given f(x,y) = Ty
X

————=—— we have

of —x* = 3xzy2 - 4x2y - 2xy2 + 4y3
ox (x3 —dxy — y2)?

b



(9_f 3 23y + 4x3 + 2x%y — 4xy?

dy (3 —dxy =y
0%f  —2x0 — 12x%y? — 24xty — 14xy? + 24x%y? — 6xy* — 34y*
x (x3 —dxy — y2)3 ’
o’ f B 6xy + 1207 + 8x*y — 12x3y% + 16x3y + 6x2y° + 12x2y? + 20xy> — 4y*
dxdy (x3 —dxy — y?)3 ’
o’ f B —2x6 — 2% — 32x* — 6x3y? — 24x3y — 6x2y? + 8x)y°
3y (3 —dxy - y?)3 '

7. f(x,y) = (2x +3y) (e + e?):

0
O_j: =2(e>* + e¥) + (2x + 3y)3e>, (;_f =3(e>* + ) + (2x + 3y)2e?,
y

0 f w Of 2 0*f 3, 4.2
E:(12+18x+27y)e , %:(12+8x+12y)ey, m=9e + 4e”.

8. f(x,v,2) =xVlogz — y3x?z +2yz —x + I:

- logz-2y°xz—1, —==x"logx logz— 2 _Y 3.2
5 =X logz-2yxz 3y x” logx logz —3y“x"z +2z, Pl +2y,
2y y(y = Dx’*logz — 2y°z, 2y = (log x)*x” log z — 6yx?z, et
(92f azf yxy—] azf xy logx
= 2" (I1+ylogx) log -6y* = - _ 3240,
oy " (1+ylogx)logz—6y~xz, v o g ‘ EEN

9. Gradients V f and Hessians H:
logy 0 1/y
Vf= , Vf= .-
x/y Iy —x/y

3 0 0
VI = (12y2)’ Vzf:(o 24y)'

(@ f(x,y)=xlogy:

(b) f(x,y)=3x+ 4y3:

©) f(x,y,2) =xy*+yz*

2

y 0 2y O
Vf= 2xy+z2 , sz: 2y 2x 2z|.
2yz 0 2z 2y



(d) f(x,y) = %xz —2xy — Sx +2y% = 2y:
3x—-2y-5 3 -2
vi=|"T T vip= .
—2x+4y-2 -2 4
Multiple integrals. Calculate:
1. // (xy — x* = y?) dxdy.
[0,1]2
2. // (x% + y?) dxdy.
[1,2]?

3. //(x+y)dxa’y,whereD:{(x,y)G[R:O<x< land 0 < y < 2x}.
D

Answer.

1. // (xy—xz—yz)dxdy:/
[0.1]2 0
-,

1
1, 1 1
= [—yz —=y- —y3]

1 1
/ (xy —x* — y?) dxdy
0
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! 1 2 1 3 2

=Xy — =x" —Xxy dy

x=0
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2. // (x* + y?) dxdy = / / (x% + y?) dxdy
[1.2] 1 J1
211 2
:/ [—x3 +xy? dy
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3. // (x+y)dxdy = / (x +y) dydx
D o Jo
1 1 2x
= / xy + —yz] dx
0 2 y:O
1
= / (2x2 + 2x2) dx
0

FERE
= —x3
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