
Math Camp 2025 – Problem Set 8

Read the following problems carefully and justify all your work. Avoid using calculators or
computers.

Partial derivatives.

1. Standard regression models often look something like this:

𝑦 = 𝛼 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝛽3𝑥
2
2

(a) Find the partial derivatives of 𝑦 with respect to 𝑥1 and 𝑥2.

(b) Interpret both.

2. Find the first-order partial derivatives with respect to 𝑥, 𝑦, and 𝑧 of 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦2 + 𝑦𝑧2.

3. Find both second-order partial derivatives of 𝑓 (𝑥, 𝑦) = 𝑥2𝑦2.

4. Find the second-order partial derivative of 𝑓 (𝑥, 𝑦) = 𝑥

𝑦
+ 𝑒𝑥𝑦.

5. Find the first- and second-order partial derivatives of 𝑓 (𝑥, 𝑦) = log(𝑥 + √
𝑦).

6. Find the first- and second-order partial derivatives of 𝑓 (𝑥, 𝑦) = 𝑥2 + 𝑦2

𝑥3 − 4𝑥𝑦 − 𝑦2 .

7. Find the second-order partial derivatives of 𝑓 (𝑥, 𝑦) = (2𝑥 + 3𝑦) (𝑒3𝑥 + 𝑒2𝑦).

8. Find the second-order partial derivatives of 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦 log(𝑧) − 𝑦3𝑥2𝑧 + 2𝑦𝑧 − 𝑥 + 1.

9. Find the gradient vector and Hessian matrix for the following functions:

(a) 𝑓 (𝑥, 𝑦) = 𝑥 log(𝑦),

(b) 𝑓 (𝑥, 𝑦) = 3𝑥 + 4𝑦3,

(c) 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦2 + 𝑦𝑧2,

(d) 𝑓 (𝑥, 𝑦) = 3
2
𝑥2 − 2𝑥𝑦 − 5𝑥 + 2𝑦2 − 2𝑦.

Answer.

1. 𝑦 = 𝛼 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝛽3𝑥
2
2

(a)
𝜕𝑦

𝜕𝑥1
= 𝛽1,

𝜕𝑦

𝜕𝑥2
= 𝛽2 + 2𝛽3𝑥2.

(b) Interpretation:
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• 𝜕𝑦

𝜕𝑥1
= 𝛽1: the effect of increasing 𝑥1 by one unit on 𝑦 keeping everything else

constant is 𝛽1.

• 𝜕𝑦

𝜕𝑥2
= 𝛽2 + 2𝛽3𝑥2: the effect of increasing 𝑥2 by one unit on 𝑦 keeping everything

else constant is 𝛽2 + 2𝛽3𝑥2. Notice that it depends on 𝑥2.

2. 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦2 + 𝑦𝑧2, so

𝜕 𝑓

𝜕𝑥
= 𝑦2,

𝜕 𝑓

𝜕𝑦
= 2𝑥𝑦 + 𝑧2,

𝜕 𝑓

𝜕𝑧
= 2𝑦𝑧.

3. 𝑓 (𝑥, 𝑦) = 𝑥2𝑦2, so

𝜕 𝑓

𝜕𝑥
= 2𝑥𝑦2,

𝜕 𝑓

𝜕𝑦
= 2𝑥2𝑦,

𝜕2 𝑓

𝜕2𝑥
= 2𝑦2,

𝜕2 𝑓

𝜕2𝑦
= 2𝑥2,

𝜕2 𝑓

𝜕𝑥𝜕𝑦
= 4𝑥𝑦.

4. 𝑓 (𝑥, 𝑦) = 𝑥

𝑦
+ 𝑒𝑥𝑦, so

𝜕 𝑓

𝜕𝑥
=

1
𝑦
+ 𝑦𝑒𝑥𝑦,

𝜕 𝑓

𝜕𝑦
= − 𝑥

𝑦2 + 𝑥𝑒𝑥𝑦,

𝜕2 𝑓

𝜕2𝑥
= 𝑦2𝑒𝑥𝑦,

𝜕2 𝑓

𝜕2𝑦
=

2𝑥
𝑦3 + 𝑥2𝑒𝑥𝑦,

𝜕2 𝑓

𝜕𝑥𝜕𝑦
= − 1

𝑦2 + (1 + 𝑥𝑦)𝑒𝑥𝑦 .

5. 𝑓 (𝑥, 𝑦) = log(𝑥 + √
𝑦), so, assuming 𝑥 + √

𝑦 > 0 and 𝑦 > 0 we have

𝜕 𝑓

𝜕𝑥
=

1
𝑥 + √

𝑦
,

𝜕 𝑓

𝜕𝑦
=

1
2√𝑦(𝑥 + √

𝑦) ,

𝜕2 𝑓

𝜕2𝑥
= − 1

(𝑥 + √
𝑦)2 ,

𝜕2 𝑓

𝜕𝑥𝜕𝑦
= − 1

2√𝑦(𝑥 + √
𝑦)2 ,

𝜕2 𝑓

𝜕2𝑦
= − 1

4𝑦3/2(𝑥 + √
𝑦)

− 1
4𝑦(𝑥 + √

𝑦)2 .

6. Given 𝑓 (𝑥, 𝑦) = 𝑥2 + 𝑦2

𝑥3 − 4𝑥𝑦 − 𝑦2 we have

𝜕 𝑓

𝜕𝑥
=

−𝑥4 − 3𝑥2𝑦2 − 4𝑥2𝑦 − 2𝑥𝑦2 + 4𝑦3

(𝑥3 − 4𝑥𝑦 − 𝑦2)2 ,
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𝜕 𝑓

𝜕𝑦
=

2𝑥3𝑦 + 4𝑥3 + 2𝑥2𝑦 − 4𝑥𝑦2

(𝑥3 − 4𝑥𝑦 − 𝑦2)2 ,

𝜕2 𝑓

𝜕2𝑥
=

−2𝑥6 − 12𝑥4𝑦2 − 24𝑥4𝑦 − 14𝑥3𝑦2 + 24𝑥2𝑦3 − 6𝑥𝑦4 − 34𝑦4

(𝑥3 − 4𝑥𝑦 − 𝑦2)3 ,

𝜕2 𝑓

𝜕𝑥𝜕𝑦
=

6𝑥5𝑦 + 12𝑥5 + 8𝑥4𝑦 − 12𝑥3𝑦2 + 16𝑥3𝑦 + 6𝑥2𝑦3 + 12𝑥2𝑦2 + 20𝑥𝑦3 − 4𝑦4

(𝑥3 − 4𝑥𝑦 − 𝑦2)3 ,

𝜕2 𝑓

𝜕2𝑦
=

−2𝑥6 − 2𝑥5 − 32𝑥4 − 6𝑥3𝑦2 − 24𝑥3𝑦 − 6𝑥2𝑦2 + 8𝑥𝑦3

(𝑥3 − 4𝑥𝑦 − 𝑦2)3 .

7. 𝑓 (𝑥, 𝑦) = (2𝑥 + 3𝑦) (𝑒3𝑥 + 𝑒2𝑦):

𝜕 𝑓

𝜕𝑥
= 2(𝑒3𝑥 + 𝑒2𝑦) + (2𝑥 + 3𝑦)3𝑒3𝑥 ,

𝜕 𝑓

𝜕𝑦
= 3(𝑒3𝑥 + 𝑒2𝑦) + (2𝑥 + 3𝑦)2𝑒2𝑦,

𝜕2 𝑓

𝜕2𝑥
= (12 + 18𝑥 + 27𝑦)𝑒3𝑥 ,

𝜕2 𝑓

𝜕2𝑦
= (12 + 8𝑥 + 12𝑦)𝑒2𝑦,

𝜕2 𝑓

𝜕𝑥𝜕𝑦
= 9𝑒3𝑥 + 4𝑒2𝑦 .

8. 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦 log 𝑧 − 𝑦3𝑥2𝑧 + 2𝑦𝑧 − 𝑥 + 1:

𝜕 𝑓

𝜕𝑥
= 𝑦𝑥𝑦−1 log 𝑧− 2𝑦3𝑥𝑧− 1,

𝜕 𝑓

𝜕𝑦
= 𝑥𝑦 log 𝑥 log 𝑧− 3𝑦2𝑥2𝑧+ 2𝑧,

𝜕 𝑓

𝜕𝑧
=

𝑥𝑦

𝑧
− 𝑦3𝑥2 + 2𝑦,

𝜕2 𝑓

𝜕2𝑥
= 𝑦(𝑦 − 1)𝑥𝑦−2 log 𝑧 − 2𝑦3𝑧,

𝜕2 𝑓

𝜕2𝑦
= (log 𝑥)2𝑥𝑦 log 𝑧 − 6𝑦𝑥2𝑧,

𝜕2 𝑓

𝜕2𝑧
= −𝑥

𝑦

𝑧2 ,

𝜕2 𝑓

𝜕𝑥𝜕𝑦
= 𝑥𝑦−1(1+𝑦 log 𝑥) log 𝑧−6𝑦2𝑥𝑧,

𝜕2 𝑓

𝜕𝑥𝜕𝑧
=

𝑦𝑥𝑦−1

𝑧
−2𝑦3𝑥,

𝜕2 𝑓

𝜕𝑦𝜕𝑧
=

𝑥𝑦 log 𝑥
𝑧

−3𝑦2𝑥2+2.

9. Gradients ∇ 𝑓 and Hessians 𝐻:

(a) 𝑓 (𝑥, 𝑦) = 𝑥 log 𝑦:

∇ 𝑓 =

(
log 𝑦

𝑥/𝑦

)
, ∇2 𝑓 =

(
0 1/𝑦

1/𝑦 −𝑥/𝑦2

)
.

(b) 𝑓 (𝑥, 𝑦) = 3𝑥 + 4𝑦3:

∇ 𝑓 =

(
3

12𝑦2

)
, ∇2 𝑓 =

(
0 0
0 24𝑦

)
.

(c) 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦2 + 𝑦𝑧2:

∇ 𝑓 =
©­­«

𝑦2

2𝑥𝑦 + 𝑧2

2𝑦𝑧

ª®®¬ , ∇2 𝑓 =
©­­«

0 2𝑦 0
2𝑦 2𝑥 2𝑧
0 2𝑧 2𝑦

ª®®¬ .
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(d) 𝑓 (𝑥, 𝑦) = 3
2𝑥

2 − 2𝑥𝑦 − 5𝑥 + 2𝑦2 − 2𝑦:

∇ 𝑓 =

(
3𝑥 − 2𝑦 − 5
−2𝑥 + 4𝑦 − 2

)
, ∇2 𝑓 =

(
3 −2
−2 4

)
.

Multiple integrals. Calculate:

1.
∬

[0,1]2
(𝑥𝑦 − 𝑥2 − 𝑦2) 𝑑𝑥𝑑𝑦.

2.
∬

[1,2]2
(𝑥2 + 𝑦2) 𝑑𝑥𝑑𝑦.

3.
∬

𝐷

(𝑥 + 𝑦) 𝑑𝑥𝑑𝑦, where 𝐷 = {(𝑥, 𝑦) ∈ ℝ : 0 ⩽ 𝑥 ⩽ 1 and 0 ⩽ 𝑦 ⩽ 2𝑥}.

Answer.

1.
∬

[0,1]2
(𝑥𝑦 − 𝑥2 − 𝑦2) 𝑑𝑥𝑑𝑦 =

∫ 1

0

∫ 1

0
(𝑥𝑦 − 𝑥2 − 𝑦2) 𝑑𝑥𝑑𝑦

=

∫ 1

0

[
1
2
𝑥2𝑦 − 1

3
𝑥3 − 𝑥𝑦2

]1

𝑥=0
𝑑𝑦

=

∫ 1

0

(
𝑦

2
− 1

3
− 𝑦2

)
𝑑𝑦

=

[
1
4
𝑦2 − 1

3
𝑦 − 1

3
𝑦3

]1

0

= − 5
12

.

2.
∬

[1,2]2
(𝑥2 + 𝑦2) 𝑑𝑥𝑑𝑦 =

∫ 2

1

∫ 2

1
(𝑥2 + 𝑦2) 𝑑𝑥𝑑𝑦

=

∫ 2

1

[
1
3
𝑥3 + 𝑥𝑦2

]2

𝑥=1
𝑑𝑦

=

∫ 2

1

(
7
3
+ 𝑦2

)
𝑑𝑦

=

[
7
3
𝑦 + 1

3
𝑦3

]2

1

=
14
3
.
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3.
∬

𝐷

(𝑥 + 𝑦) 𝑑𝑥𝑑𝑦 =

∫ 1

0

∫ 2𝑥

0
(𝑥 + 𝑦) 𝑑𝑦𝑑𝑥

=

∫ 1

0

[
𝑥𝑦 + 1

2
𝑦2

]2𝑥

𝑦=0
𝑑𝑥

=

∫ 1

0

(
2𝑥2 + 2𝑥2

)
𝑑𝑥

=

[
4
3
𝑥3

]1

0

=
4
3
.
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