LECTURE 8: DERIVATIVES AND INTEGRALS IN R"
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PLAN

Derivatives

1. Partial derivatives
2. Gradient

3. Hessian
Multiple integrals
1. Fubini






FuNCTIONS OF MULTIPLE VARIABLES

We'll work with functions f : R®™ — R, or f: D — R for some D C R".

For example, we want to minimize the mean squared error (MSE) of a statistical model
given a sample.

This is a function of the vector of parameters of the model 3, say
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We can see a function with two variables, e.g., f(z,y) = 2 + 2y, as a function that takes
as input the vector (z,y) € R?, i.e., a function f : R? — R.

We know that taking derivatives is useful for minimizing/maximizing functions of one
variable. It’s also going to be useful for minimizing/maximizing functions of many
variables.



PARTIAL DERIVATIVES

We want to determine how the value of a function changes when only one variable
changes.

So, we take the derivative with respect to that variable, say x;, keeping all other variables
o

constant. We call that the partial derivative of f with respect to z;, denoted by 3 ! .
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Ezample. If f(xq,22) = 2% + 2125 then a—f = 2z + x9.
x1

Same thing. If f(x,y) = ¥? + xy then g—f =22 +y.
x

0
We can think of the partial derivative a—y as the “effect” on y of increasing x by one unit,
x

keeping everything else constant.



EXERCISE

QUESTION 1
Calculate
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95, (B - x), where x, B € R*.




(GRADIENT

The gradient V f is the vector of partial derivatives.
Ezample. If f(xq,29) = 2% + 2129 then V f(x1,22) = (221 + T2, 21).

The gradient is the direction in which the function grows the most (locally).
The reason is that f(x) =~ f(zg) + Vf(xo) - (x — x0), and
V(zo) - (& = o) < IV f(xo)llllx = 2o
by Cauchy-Schwarz, attained for x — z¢g = V f(xg).

So, if you want to maximize f, you can take some z, and then go to z + oV f(x) for some
a > 0, and keep doing this. If you want to minimize f, go to z — aV f(z). This is
gradient descent, this is how deep learning models are trained.



EXERCISE

QUESTION 2
Calculate the gradients of the following functions:
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OPTIMIZATION

If f: D — R with D C R", xg is in the interior of D, and f is maximized at xg, then

Vf(zo) = 0.

Why? Every partial derivative should be zero, because otherwise we could increase f by
increasing/decreasing one variable (keeping the rest fixed).



SECOND-ORDER DERIVATIVES

If f is a function of x, the partial derivative 3 is also a function of . We
T
9 0 d?
another partial derivative, e.g., — / . We write 7f
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If the second-order partial derivatives are continuous then =
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doesn’t matter in what order we take the partial derivatives. We write

The Hessian V2f is the n x n matrix of second-order derivatives:

o2y orf .. 0
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EXAMPLE

of of 9% f d*f O f
If =22 4+ 2zy, = =2 =2, —= =2 =2 and —=— =0
f(z,y) = % + 2zy, e z+ vy, By T 9y " Oxdy , an P2y , SO
9, (2 2
B dg dg dg d%g &g 9%g
If = etyt22 I =g, =2 =92g, -2 = = - =2
g(.’IJ,y,Z) & ) 81‘ 9, 8y g, 82 g, 82$ g, axay 9, 85682 9
0%g 0%y d%g
99 _ _9 |
2, g, 5h= g, and 2. g, SO
9 -9 2 1 =12
Vig=|-9g -9 —29|=g|-1 -1 -2

29 —2g 4g 2 -2 4
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EXERCISE

QUESTION 3
Calculate V2 f for f(z,y) = e—(@—y)?,

Notice. An alternative notation for the gradient and Hessian is D f and D?f.

The Hessian is the generalization of the second derivative f”(z), and it’s useful because it
tells us if the function is concave or convex. We’ll see this later.
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INTERVALS IN n DIMENSIONS

The interval [a,b] x [c, d] is the set {(z,y) € R? : x € [a,b] and y € [c,d]}.

Y

34,

Ezample. [1,2] x [0, 3]

0 x
1 2

In general, [a1,b1] X -+ X [an, by] C R™. Also, [a,b]? = [a,b] X [a, b].
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INTEGRALS OF FUNCTIONS OF SEVERAL VARIABLES

If f: D —[0,+00) with D C R? then the integral

|| sy dady

is the volume of the region between the xy plane and the graph of the function f.

Fubini. (Special case.) If D = [a,b] X [c, d] then
d rb b pd
J| t@wdedy = [ [ @ yyaray= [ [ sy dya.

In general, if f: D — [0,+00) with D C R" the integral / f(z1,...,xp)day ... dxy, is
D

the “measure” of the region below the graph of f.
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EXAMPLE

[ (o)

1 2
2y+y

|

0
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EXERCISE

QUESTION 4

Calculate // e Y dady.
[0,1]x]0,2]

QUESTION 5

+o0o  p+o00
Calculate // e Ydady = / / e Y dady.
[0,4-00)2 0 0
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We can extend the definition to f negative in the same way we did for functions of one
variable.

We can use Fubini over domains that are not intervals. For example, consider this
triangle:

1

We can see it as the set of points (z,y) with 0 <z <1 and 0 < y < z. So, if
D={(z,y) eR?:0<z<1,0<y <z},

we should have

//Df(x’y)dxdy:/ol /Oxf(w»y)dyd:vz/ /1f (,y) ddy.
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