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TANGENT LINE

Consider the function f(z) = 2.

We want to calculate the slope of the line that
“touches” it at xg = 1.

We can approximate the tangent by lines that pass
through (xo, f(z0)) and (z, f(x)) with z — xo.
f(z) — f(zo)

The slope is ——————.
r — X
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DERIVATIVES

It makes sense to define the derivative of f at x( as the limit

n) — tim ) = I

T=To T — X
if it exists. If it exists and is not infinite, we say that f is differentiable at x.
Note that x — x( is the same as h = x — 29 — 0, and x = x¢o + (z — x9) = xo + h, SO wWe

can write h
(o) = Jimg T2 Z T 20)




EXAMPLE

If f(z) = ax + b we have

voon g fle+h)—fx) .. alx+h)+b—(ar+Db) ah
fl) = Jimy h =i h =

= lima = a.
h—0

If f(z) = 22 then

ron fl+h)—fl@) . (z+h)?—z* 2*+2zh+h*—2?
fz) = Jim h = jm h = f h
2
i 2P i (20 4 h) = 22

h—0 h h—0



DIFFERENTIABLE = CONTINUOUS
We should think of the derivative as the rate of change of f(z) locally.

Notice that if f’(x¢) exists then f has to be continuous at z, because

lim f(x) = lim (£(2) = [(20)) + (o)

= Jlim f(:E; : iémO) (z —z0)| + f(20)

= f'(z) -0+ f(z0) = f(z0).

But not every continuous function is differentiable. For
example, f(z) = |z| is not differentiable at 0.




CALCULATING DERIVATIVES

If f and g are differentiable at z, (f £ g)'(x) = f/'(z) £ ¢'(x). Why?

(747 (@) = i LD 4 1) = (1) 1)
(L) = 1)
h

= lim
h—0




CALCULATING DERIVATIVES

If f and g are differentiable at z, (fg)'(z) = f'(x)g(x) + f(x)g’'(x):

flz+h)glx+h) - f(z)g(x)

(fg)'(x) = lim

h—0 h

i @ P9+ D) — f@)g(@ + h) + f(@)g(z + h) - f(2)g(x)
h—0 h

_ iy @+ R) = f@)g(z + ) - f(z)(g(2 + h) — g(2))
h—0 h

- lim flz+ h})L A G f($)g(x + h})L —9()

= f'(z)g(x) + f(x)g'(x)

Example. (z3) = (z-2%) =2' 2> + 2 - (2?) =22 + x - (22) = 322

In general, (™) = nz" 1.



EXERCISE

QUESTION 1
Calculate the derivative of the following functions:

1. f(t) =14t — 7

2. fly) =v* +3y* — 12

3. f(x) = (a? + 1)(@* 1)
4. f(z) = a8 +52° — 222 +8

10



CHAIN RULE

If g is differentiable at = and f is differentiable at g(z), define (f o g)(x) = f(g(x)), and

flg(z+h)) — f(g(x))

(0 9)'(x) = lim

h
i [fYE 1) — flg(@) g(a + 1) — g(2)
= lim
h—0 gz +h)—g(x) h
= f'(g(x))g'(x)
For example, if f(z) =1 we have
1 1 z—(z+h)
, _ zHh T __ s (z+h)x . —h T -1 __i
flx) = }1113%) ho I?g%) h b0 (x4 h)zh }LIE&) (x +h)x x?
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CALCULATING DERIVATIVES

Notice that if a is constant then @’ = 0.
Hence if a is constant then (af(x)) =d' f(z) + af'(x) = af'(x).

And
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EXERCISES

QUESTION 2
Calculate the derivative of the following functions:

L) =
1

2. flz) =

241
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EXP AND LoG
We have exp’(x) = exp(x):

exp(z + h) — exp() exp(z) exp(h) — exp(z)

/ BT T
) = g h i h
e exp(h) -1 _exp(h) -1
= }lll_% exp(z) . = exp(z) ilzli% . = exp(x).
—_—
=1
The fact that flzin%) % =1 follows from the definition of e but is not obvious.
—

log is differentiable, although I won’t prove it now. Let’s assume it’s true.
Notice that exp(log(z)) = =.

Differentiating both sides we get exp’(log(z))log'(z) = 1.

Using exp’ = exp, this is exp(log(z)) log'(z) = 1, i.e., log'(z) = 1.
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GENERAL POWER RULE

If k€ Rand f(z) = 2* for z > 0 we have

QUESTION 3
Calculate the derivative of f(z) = a® for every a > 0.
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EXERCISES

QUESTION 4
Calculate the derivative of the following functions:

1. f(z) = 3z"/3

2. f(x) = 157 i
3. fly)=1-1/y

4. f(z) = In(272?)

5. f(z) =e
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HiGHER ORDER DERIVATIVES

If f:U — R is differentiable (i.e., differentiable at every z € U) then f': U — R is
another function, and we can ask if it is itself differentiable.

Example. Take f: R — R given by

fz) =

x? ifz >0,
—z2  ifz <0.

Notice that it is differentiable. This is only non-obvious at 0. We have

_ 2
lim 1O+1) = f(0) = lim h—: lim h=0, and
h—0t h h—0t h h—0t

_ _p2
lim FO+1) = f(0) = lim —h = lim —h =0,
h—0~ h h—0— h—0—
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HiGHER ORDER DERIVATIVES

We obtain
2z ifx >0,

—2x ifz<O.

o |
In other words, f’(z) = 2|z|. This is not differentiable at 0. So f’ is not differentiable.

But if f’ is differentiable at x we can define the second derivative f”(z) of f as the
derivative of f’ at x.

QUESTION 5
If f(z) = 2? calculate f”(z) for all x € R.
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OPTIMIZATION

If f: D — R is maximized or minimized at z in the interior of D and f’(z) exists then
#/(z) = 0.

The reason is that if f/(z) > 0 then when h > 0 is sufficiently small we have
+(fz+h)—f(z) = f'(x) > 0,s0 f(x+h) > f(z), and f(z) is not the maximum
value of f. If f/(z) < 0 then when h < 0 is small we have +(f(z + h) — f(z)) =
f'(x) < 0, so multiplying by h we get f(x + h) — f(x) > 0, and again f(z) is not
the maximum.

If f: (a,b) — R is differentiable and f’ > 0 then f is increasing. (Intuition: f’(z) > 0
means that f has a “positive slope” at z.)

If f/ <0 then f is decreasing.

This is very useful! Example: what is the maximum of f(z) = 2 — 22?7 We have

fl(x)=1-2z,50 f' >0if z < § and f; < 0if > 1. Hence f increases and then

decreases. Therefore the max is at x = 5



EXAMPLE

QUESTION 6
Find the minimum and maximum of f : [0,1] — R given by f(x) =222 — 2 + 1.
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CONVEXITY

If f is twice differentiable then we say it’s convex if f” > 0, and concave if f” < 0.

Convex Concave Both

If f is concave and f/'(z) = 0 then f is maximized at x.

If f is convex and f/(x) =0 then f is minimized at x.

If f” exists around z, is continuous at z, and f”(z) < 0 then f” < 0 around z, so f is
concave around z, and, so, if f/(x) =0 then f has a local maximum at z.

If f” exists around z, is continuous at z, f”(x) > 0, and f’(x) = 0 then f has a local

minimum at x.

21



EXAMPLE

Take f(z) = 2% — 32 + 1.

We have f'(z) = 322 — 3 and f”(z) = 6.
fl(x)=01is 322 =3,ie, 2 =—1lorz =1

f"(—=1) = =6 < 0, so f has a local maximum at —1.

f"(1) =6 >0, so f has a local minimum at —1.
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WHAT 1F f"(z) =07

Take f(z) = 23,
We have f/(z) = 32% and f"(x) = 6.

We have f/(0) = 0 but f”(0) = 0, so it’s not obvious
if it’s a local minimum or maximum. It’s neither.

Take f(x) = 2*.
We have f'(z) = 423 and f"(z) = 122% > 0, so it’s
convex.

We have f/(0) = 0 but f”(0) = 0. But f is convex, so
it must be minimized at 0.

e
\_
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EXERCISE

QUESTION 7

Find the minimum and maximum of the following functions:

1. f:]0,1] = R, f(z) =2(1 — )

2. f:00,1] =R, f(z) =z — V=

3. f:[0,6] = R, f(z) =2® — L2? + 122 + 8.
4. f:]-4,4] = R, f(x) = 3zt — 423 — 3622
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L’HOPITAL’'S RULE

THEOREM

Suppose lim f(x) = lim g(x), both are 0 or oo, and f, g are differentiable near x.
T—T0 T—TQ

Then

lim @ = lim I'()
T—T0 g(gj) T—T0 g’(;z;)’

provided the latter limit exists.

Examples.

22— . 2z 1

s T2 Ty
x x x

2. lim - lim A lim e—:—i—oo.

T——400 I x——+00 21 z—+oo 2

. . log(x) . 1/x .
By elosle) = T = I S = e =0
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EXERCISE

QUESTION 9
Calculate the following limits:

1 lim 8@
xr——+00 x

-1
2. lim\/z

=1 x—1 "

3. lim z”.
z—0*

QUESTION 10
Find the minimum and maximum value of f : (0,1] — R given by f(z) = zlog(x).
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